INTRODUCTION
In previous studies of pitch control, it has usually been assumed that the ligament vibrates as a string with fixed boundary conditions, a uniform cross section, uniform tension, and negligible bending stiffness. The result of these assumptions are normal mode frequencies which were easy to predict using the ideal string law (e.g., Titze, Luschei and Hirano, 1989) . However, recent attempts to reconcile human phonation frequencies with biomechanical data on vocal fold length and stress-strain characteristics of the ligament suggest that the ideal string law may underestimate the normal mode frequencies.
The purpose of this paper is to re-analyze the normal mode frequencies of the vocal ligament with the inclusion of bending stiffness and variable cross-section (at the macula flavae) in addition to tensile restoring forces. Both analytical and finiteelement computational methods will be employed. The result will be based on actual measurements performed previously on human vocal ligaments (Min et al., 1995) .
METHODS
A theoretical analysis of vibration of beams with longitudinal tension and bending stiffness was given by Morse (1936) . Starting with his fourth-order differential equation, we assumed clamped boundary conditions at the posterior and the anterior endpoints. From this, an exact analytical solution was found for the vibrating bending ligament of uniform cross section (see complete steps in Titze and Hunter, 2004) . Using constants selected from Min et al. (1995) , the difference between the modal shapes and modal frequencies of the ideal string equation compared to the exact solution with bending was shown.
The effects of the macula flavae, gradual widenings of the cross sectional areas at the anterior and posterior endpoints, could not be solved using the analytical solution. Therefore, a second step was completed to investigate the modal frequencies of the vocal ligament. This was implemented with 100 finite elements using ANSYS for a structural beam (elements LINK10 for uniform beam with no bending and BEAM54 uniform with bending and nonuniform with bending).
For 20% elongation, the first several natural modes were found for the above analytical and finite element solutions. Also, for 1-50% elongation, mode 1 was found for the above models.
RESULTS AND DISCUSSION
For mode 1, neglect of bending stiffness lowers the frequency from 170 Hz to 130 Hz. For mode 4, neglect of bending stiffness lowers the frequency from 1030 Hz to 500 Hz. For 1% elongation, the contribution of bending stiffness and macula flavae raises the frequency from about 10 Hz to 100 Hz, a profound difference. At 50% elongation, the inclusion of bending stiffness and macula flavae raises the mode 1 frequency from 680 Hz to 770 Hz. The addition of the macula flavae raises the frequency by another 110 Hz. On a percentage basis, the bending stiffness reduces with increasing strain, whereas the macula flavae contribution remains roughly constant (about 20-30%).
The bending stiffness and non-uniform cross-sectional area of the vocal ligament appear to have an impact on the normal mode frequencies of the vocal ligament. With the mode shapes appearing visually similar to those of a simple string, it is understandable that the ideal string law has been the standard model. At low strains, the ideal string law underestimates the lowest mode frequency by an order of magnitude if bending stiffness is excluded.
Asymptotically, as strain goes to zero, bending moments alone can account for the restoring force of the tissue. In previous modeling (e.g., Titze and Story, 2002) , a ground substance Young's modulus was used to account for this restoring force. At higher strains, bending moments become less significant as tension takes over. Macula flavae contributions remain relatively constant at about 30% increase in mode 1 frequency. Implementing the full mathematical complexity of bending stiffness and non-uniform area may not be suitable for simple models of vocal fold vibration. A rule is therefore adopted for the lowest string mode frequency between 10-50% elongation:
which corrects for bending stiffness and the macula flavae.
For low pitches and in modal voice productions, the vocal fold length is mostly below the cadaveric resting length. Ligament tension does not play much of a role. The stiffness of the thyroarytenoid muscle fibers then dominate in F 0 control, rather than the ligament. It is not yet clear if bending stiffness plays a significant role in thyroarytenoid muscle vibration.
